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SINGULAR SOLUTIONS OF DIFFERENTIAL EQUATIONS OF THE 

SECOND ORDER. 

By E. M. Coon and R. L. Gordon. 

In the process of finding the singular solutions of differential equa- 
tions of the first order and also in finding the envelopes of families of 
curves with one parameter, some extraneous loci appear. Analogous ones 
appear in the theory of singular solutions of differential equations of 
higher order, and of osculating curves of families of curves with more 
than one parameter. In discussions concerning singular solutions of 
differential equations of higher order attention is usually called to a 
locus of cusps of the second kind, and to a singular solution of the second 
kind, which has no analogue for differential equations of the first order, 
but we have found no mention or illustrations of a locus of cusps of the 
first kind, or of a tac-locus, where non-consecutive curves have contact 
of higher order. In this paper we give a few examples to illustrate cases 
that may arise for differential equations of the second order. We also 
consider the theory of osculating curves of families of curves with two 
parameters, and illustrate the fact that besides an osculating curve, a 
cusp locus or a nodal locus may appear. 

In the first example the differential equation has two singular solutions, 
which give the osculating curves with contact of the second order with 
the family of integrals. In the second example there is a singular solution, 
and a locus of cusps of the first kind with an infinite number of cusps at 
each point. In the third example there is a tac-locus with contact of the 
second order, a locus of cusps of the first kind with an infinite number of 
cusps at each point, and in connection with the osculating curves a nodal- 
locus with an infinite number of nodes at each point. In the fourth 
example there is a singular solution and a locus of cusps of the first kind 
with one cusp at each point. 

Let 
(1) F{x, y, y', y") = 

be a differential equation of the second order, where F is a polynomial in 
x > V> V ' i v" which cannot be broken up into factors, and is of degree 
n(n > 1) in y". A singular solution of this equation is a solution which 
is not contained in the general solution. Such a solution, if it exists, 
must* satisfy <pi(x, y, y') = 0, a differential equation of the first order 

* Forsyth, "Theory of differential equations, part II, vol. Ill, chapter 15. 
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obtained by forming the resultant of (1) and 

«» w-° 

to eliminate y". The general solution of <pi = is a singular solution of 
the first kind of F = 0, if it is a solution of F = 0, and a singular solution 
of <pi = which satisfies F = 0, is a singular solution of the second kind 
of F = 0. Let 

*>»(*> Vi 2/0 = 

be the differential equation of first order obtained by the elimination of y" 
between (1) and 

dF ,dF „dF n 

A necessary condition* for the existence of a singular solution of 
F = is that (1), (2) and (3) have a common solution in y", or a necessary 
condition that y = s(x) be a singular solution of F = 0, is that y — s(x) 
satisfy <pi = and <? 2 = 0. A sufficient condition for the existence of a 
singular solution is that (1), (2) and (3) have a common solution in y", 
when (dF/dx) + y'(dF/dy) and (dF/dy') are not also zero for that value 
of y". 

In addition to the singular solution, <pi(x, y, y') = may yield a locus 
of cusps of either the first or second kinds, a tac-locus on which two non- 
consecutive curves have contact of second order, or a particular solution. 
In addition to the singular solution, <p 2 (x, y, y") = may contain a 
locus of points where y'" = 0, a tac-locus on which two non-consecutive 
curves have contact of second order, or a particular solution. 

The integral curves of <pi(x, y, y') = 0, which are singular solutions, 
and the integral curves /(x, y, a,b) = of F(x, y, y', y") = have contact 
of second order, that is, the integral curves of <p\ = are osculating curves 
of the integral curves of F = 0. 

Let f(x, y, a, b) = be the equation of a two-parameter family of 
curves. There may exist a one-parameter family of curves which has 
contact of second order with the given family of curves. It can be shown, 
in a manner similar to the method of finding the envelope of a one param- 
eter family of curves, that the osculating curves satisfy the differential 
equation of first order v(x, y, y') = 0, found by eliminating a,b, and 
db/da from the following four equations 

/(*, y, a, b) = 0, 



* Goursat, E., Sur les solutions singuli&res des equations differentielles simultanees, pp. 362- 
366, American Journal of Mathematics, vol. XI, 1888-89. 
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dx a dy ' 



da db ' 

g2/ I b' d2f I v'( ** \.V dJ \ 
dxda - 1 " darffc ~ r * V <tyda dt/36 / 

Besides the osculating curves, <p(x, y, y') = may contain a locus of cusps 
of either the first or second kinds, or a nodal locus. 
Example 1. 

F = y" 3 - Axy'y" + 8j/' 2 = 0, 

(x - a) 3 



f=(y-b) 



= o, 



< Pl = y' i {y'-%) = 0, 
<P* = y' i {y'-%) = 0, 



y' = and y' — 4x 3 /27 = satisfy <pi = 0, <p 2 = 0, and <p = 0; their 
integrals y = C\, and y — * 4 /27 = c 2 are singular solutions of the first 
kind of F = 0, and y = Ci is also a particular solution. 




Fig. i. 



The dotted curves in Fig. 1 represent the integral curves, / = 0, 
obtained by giving the parameter a different values and the parameter 
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b the value zero. The equation of the curve Q'P'OPQ is y = x 4 /27; 
it is an osculating curve of the integral curves (b = 0), with contact of 
the second order. The straight lines y = Ci are also osculating curves 
of the integral curves with contact of the second order at the points of 
inflection. Translation parallel to the F-axis gives the complete system 
of the integral curves and their osculating curves. 
Example 2. 

F = 4xy" 2 + 2xy" - y' = 0, 

f = ( y -b - ax) ± f a^x 3 ' 2 = 0, 

<p* = y' (y' +1) = o, 

<P = x*(y' +f)=o. 

x = satisfies <pi = and <p = 0, but does not satisfy F = 0; it is a 
cusp-locus, y' + x/4 = satisfies ^>i = 0, <p 2 = and ?> = 0, and the 
integrals y + x 2 /S = Ci are singular solutions of F = 0. y' = satisfies 
only ¥> 2 = 0, and the integrals yi = c 2 are particular solutions of F = 0. 




The dotted curves in Fig. 2 represent the integral curves, / = 0, 
obtained by giving the parameter a different values, and the parameter b 
the value zero. The equation of the curve P'OPQR is y + x 2 /8 = 0; 
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it is an osculating curve of the family (b = 0) with contact of the second 
order. The F-axis is a locus of cusps of the first kind. Translation 
parallel to the F-axis gives the complete system; there is an infinite 
number of cusps at each point of the F-axis. 
Example 8. 

F = yy" 2 - y'\y - l) 2 = 0, 

/ = 3(a + ay - b) ± % y^{y - 5) = 0, 



<Pi 



= y 2 y'\y - i) 2 = o, 



v* = y' u (y - m(y + D 2 - m y'\ y - \y\ = o, 
v = y\y - 5) 2 = 0. 

y — 5 = satisfies only <p = 0; it is a nodal locus, y — 1 = satis- 
fies <pi = and </>2 = 0; it is a tac-locus. y = satisfies ^1 = and <p = 0; 
it is a cusp-locus, [(y + l) 2 — 36y y' 2 (y — l) 4 ] = satisfies <p 2 = 0; it 
gives a locus of points where y'" = 0. y' = satisfies pi = and 
</>2 = 0; the integrals y = c are particular solutions of F = 0. 



^ 



7^^ 



— , '-?" 






8/ T^l_^- 



Fig. 3. 

The dotted curves in Fig. 3 represent the integral curves, / = 0, 
obtained by giving the parameter a different values, and the parameter 
b the value zero. Translation parallel to the X-axis gives the complete 
system of integral curves. The equation of the straight line PQ isy = 5; 
there is an infinite number of nodes at each point. The equation of the 
straight line JST is y = 1; at each point there is an infinite number of 
pairs of non-consecutive curves with contact of the second order. At 
each point of the X-axis there is an infinite number of cusps of the first 
kind. 
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Example 4- 

F = 8(2/" - 2)V - 9(2/" - 2) - 9 = 0, 

/ = 2/ - b - (x - a) 2 ± (x - a) 3 ' 2 = 0, 

Vl = y'{Z2y' + 9) = 0, 

<p 2 = (322/' + 9) = 0, 

v = y' 8 (32y' + 9) = 0. 

y' = satisfies <pi = and <p 2 = 0; the integrals 2/ = ci are cusp-loci. 
322/' +9 = satisfies <p\ = 0, <p 2 = 0, and <p = 0, and the integrals 
2/ + 9x/32 = c 2 are singular solutions of the first kind of F = 0. 




Fig. 4. 

The dotted curves in Fig. IV represent the integral curves / = 0. 
The X-axis and lines parallel to it are loci of cusps of the first kind. The 
equation of the line PQ is y + 9x/32 = 0. The line PQ and lines parallel 
to it are osculating curves of the integral curves / = 0. 

Mt. Holtoke College, 
June 1918. 



